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\ We study the 19- vertex model associated with the quantum group U q {sl2) at 
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the integral representations for the correlation functions. 



critical regime \q\ = 1. We give the realizations of the type-I vertex operators in 
terms of free bosons and free fermions. Using these free fields realizations, we give 



1 Introduction 

In this paper we shall study the 19 vertex model associated with the quantum affine 
symmetry U q (sl2)- The 19- vertex model is a higher spin generalization of the celebrated 
6- vertex model, whose Boltzmann weights are given in ( |2.2| ). For the massive parameter 
case |g| < 1, M.Idzumi derived the integral representations of correlation functions 
from the viewpoint of the representation thory of the quantum group U q (sl2)- In this pa- 
per we shall consider the problem at the critical regime \q\ = 1, where the representation 
theory of the quantum group U q {sl2) cannot be used. M.Jimbo, H.Konno and T.Miwa Pj 
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studied the 6- vertex model at critical regime \q\ = 1. They presented the free boson re- 
alizations of the vertex operators and gave the trace constructions of the solutions of the 
quantum Knizhnik-Zamolodchikov equations, which represent the correlation functions. 
In this paper we shall give the integral representations for the correlation functions of 
the 19- vertex model at critical regime \q\ — 1. In order to give trace construction of the 
correlation functions we need the free field realization of the vertex operators. In this 
paper we present the free field realizations of the vertex operators in terms of free bosons 
and free fermions. 

The critical 19 vertex model is a limiting case of the fusion 8-vertex model. The 
latter is massive, and the corner transfer method can be applied ||. Therefore we can 
conclude that the correlation functions of the critical 19-vertex model are governed by 
the following system of difference equations. 

GW(' ' ' ) Pj+ll Pj, ■ ■ ■ )-e j + 1 e j - 

= J2 - &+i)gwg •• ,Pj, Pj+i, ■ ■ ■ (i.i) 

e^. +1 =0,l,2 

• • • , P2N-1, @2N — ityei-ew = ^2n(P2N, Pi ' 4 4 , P2N-1) t 2N e 1 ---t 2N _ 1 , 

(1.2) 



where we the R- matrix is given in (2^2). In this paper we set the deformation parameter 
q as following. 

g = exp(-^J, e>2. (1.3) 

We note that the above equations imply in particular the quantum Knizhnik-Zamolodchikov 
equations. In this paper we give the integral representations of the above system of dif- 
fence equations. The correlation functions are obtained by taking the shift parameter 
A = 2vr. 

In this connection we should mention about the work |3[], in which S.Lukyanov give 
the integral representations of the form factors of sine-Gordon field theory. We should 
mention about the work |J, in which the authors gave the integral representations of 
the correlation functions of the U q (sl n ) analogue of the 6-vertex model at critical regime 
\q\ = 1. The special form factors of the U q (sl n ) analogue of the 6-vertex model at critical 
regime |g| = 1 are given by T.Miwa and Y.Takeyama ||. 
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Now a few words about the organization of the paper. In section 2 we formulate 
our problem. In section 3 we give the free field realizations of the vertex operators. In 
section 4 we give proofs of properties of the free field realizations. In section 5 we give 
the integral representations of the correlation functions. In Appendix we summarize the 
multi-Gamma functions. 

2 Problem 

The purpose of this section is to formulate our problem. At first we introduce two 
dimensional solvable lattice model, so called 19-vertex model at critical regime \q\ = 1. 
Consider an infinite square lattice consisting of oriented lines, each carrying a spectral 
parameter varying fromline to line. The orientation of each line will be shown by an 
arrow on it. A vertex is a crossing of two lines with spectral parameters, say j3i and /3 2 , 
together with the adjacent 4 edges belonging to the cross lines, as shown in Figure 1. The 
edges are assigned spin-state variables : ji,j2,^i,^2- In the 19-vertex model, each spin- 
state can take one of three different values 0, 1, 2. A spin configuration around the vertex 
is an assignment of 0, 1, 2 on the four edges. There are 81 possible vertex configurations. 
We assign each configuration a Boltzmann weight. The set of all Boltzmann weight form 
the elements of the i?-matrix: 



32 













1 



3i 



Figure 1. Boltzmann weight 
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The matrix R(f3) acts on C 3 <g> C 3 via the natural basis {v , vi,v 2 } of C 3 as following. 

R(P)v kl <g> v k2 = J2 v h ®v j2 R)lf 2 {P). (2.1) 

jlj 2 =0,l,2 

The Boltzmann weights are given explicitly by 

/l 

V e 2 

b 92 
ei p 
hi o 



R{(3) 



c 2 



ho 



Cl 



P e 2 
#1 b 
ei p 



V 



Here we have set the normarized partition as 



sh ( ^(P + ni) 

S h(i(/3-7Ti) 



The nonzero entries are given by 



p(0) = 



sh( j/3 



Sh ^-(/3-27Ti) 

sh ( \p ) sh ( ^(p + ni 



b(P) = 



sh( ^(/3-7ri) )sh( -^P-2m 



sh 



= 



sh 



2ni 



+ sh ( -/3 J sh ( -(/? — ?ri 



sh -(/3-7ri) sh -(/3-27ri) 



(2.2) 



(2.3) 



(2.4) 



(2.5) 



(2.6) 
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and 



exp ( -P J sh ( ] sh ( 
shf-(/?-7ri)Jsh - 2ttz) 

exp \ -p \ sh ( 



ea(/3) = \\ J (2i 



sh f -(J3-2m) 

c 2 ((3) = exp f-i/A Cl (/3), e 2 (/3) = exp ) , (2.9) 

exp (ioS + TrO) sh (^) sh (-3 

//.(>') = )| ( X W V \ 7 , (2.10) 

shU(/3-7rz)J sh U(/3-27tz) 

2exph(/ 3 -^)shh /3 )shf^)ch^ 

fciCs) = — — J c K J n v x vo , (2.11) 



sh l-tf-m)) sh^-(/5-2«; 
<7 2 (/3) = exp(-|/3j 5l (/3), /i 2 (/3) = exp^-|^)M/5)- ( 2 - 12 ) 



The i?-matrix satisfies the Yang-Baxter equation : 

Rn(Pi - P 2 )Rn(Pi - /3 3 )^2 3 (/?2 - Ps) = # 23 (& - lh)Ru(Pi ~ Pz)Rn(Pi ~ fa). (2-13) 

The 19- vertex model is a limiting case of the fusion 8- vertex model f8fl. The latter is 
massive, and the corner transfer matrix method can be applied [|3], [7|]. Now we can 
conclude that the correlation functions of the critical 19-vertex model are governed by 
the following system of difference equations. 
i?-matrix Symmetry. 

G 2 n{- ■ ■ , Pj+l,Pj, ■ ■ ■ )... ej+1 e j - 

= ,&,/W--)--.^ +1 .... (2.14) 

e'e' ,=0,1,2 
3 3+1 ' ' 

Cyclicity Condition. 

G 2 n(Pi ' ' ' , P2N-I, @2N ~ *A) ei ... e2JV = G 2 n((3 2 N, Pi ' ' ' , P2N~l)e2 N e 1 ---e 2N - 1 - 

(2.15) 
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The correlation functions : 



Gn(P' N +7TV • • ,P[+ 7li,(3l, ■ ■ ■ ,P N )2~j N ,- ! 2-j 1 ,j 1 ,-,j N - 

represents the configuration functions in Figure 2, up to constant factors. 



(2.16) 
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Figure 2. Correlators 



Now we can translate the problem to the following. 
Find out the realizations of the vertex operators, which satisfy the following conditions. 
i?-matrix Symmetry. 



fci,fc 2 =0,l,2 



Homogeneity Condition. 



(2.17) 



(2.18) 



Using the above vertex operators and the degree operator, we can construct the solutions 
of the system of difference equations as following. 



G2n{@1 



1, • • • , P2N)j v --j 2N 



(2.19) 



The i?-matrix symmetry ( 2.14|) follows from the condition (|2.17|) . The cyclicity condition 
( [2.14] ) follows from the homogeneity condition ( |2.18 ). In section 3 we give the free field 



realization of the vertex operators In section 5 we give the degree operator D 

and the space H, on which the trace is evaluated. 



3 Free field realizations 

The purpose of this section is to give the free field realization of the vertex operators. 
Let us introduce the bose-fields by 



[b(t),b(t')} = -T V2 /7r x J - 5(t + t>). (3.1) 



t u /7F 

1 sh 



,2 

Let us set the basic operators by 



C/ (/3) =: exp {J° b{t)e^dtj :, (3.2) 

UM =: exp b(t)e m d?j : (3.3) 

Let us set the fermion-fields by 

[^(t), ^(01+ = 2ch(7rt)5(t + 0- (3.4) 
Fourier transformation of the fermion-field is given by 

1>{0) = -= / ^{ty tP dt. (3.5) 

V 27T J-oo 



The free-field realizations of the vertex operators are given by 

*2(0) = ^o(/?), (3.6) 

exp 



= (eT+e-Tj / da — -j- V 



sh ( -(a — (3 + 7r«) 



x UoiPMaMa), (3.7) 
2 exp Q(o/. — j3)\ 

P + ni) 

x C/ (/3)i/i(ai)C/i(a 2 )?(ai)^(a 2 ) (3.8) 



/oo ,>oo 2 eX p | 
dai / cfa 2 JJ — -^—^ 
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4 Proof 



The purpose of this section is to give proofs of properties of vertex operators. At first 
we explain the formulas of the form 

X(/3 1 )y(/3 2 ) = Cxy(Pi - fo) ■ X{f3 1 )X{(3 2 ) :, (4.1) 

where X, Y = Uj, and Cxy(P) is a meromorphic function on C. These formulae follow 
from the commutation relation of the free bosons. When we compute the contraction of 
the basic operators, we often encounter an integral 



Jo 



F(t)dt, (4.2) 

'o 

which is divergent at t — 0. Here we adopt the following prescription for regularization 
: it should be understood as the countour integral, 

Jm^u (4,) 

where the countour C is given by 




Contour C 

The contractions of the basic operators have the following forms. 

r ( A 

UjUhWiUh) =■ U^Um ■■ J ex P + lo sK)) ) • (4-4) 

r ( i 2 c 1 + 7 
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Please see the Appendix. The commutation relations of the basic operators are given by 

ah (h fa -02 + my) 

UjifaWjifr) = UjWUjW—fi (, (J = 0,1), (4.5) 

sh (-(fa-fa + m) 

sh (-(fc-fc+iri) 

UoiPiWiifo) = U x {(5 2 )U Q {(3 x )—f (4.6) 

sh (-(fr-fc+m)) 

The anti-commutation relation becomes 

= 8{Pi + Tri) + 5{f3 2 -f3 x + m). (4.7) 
Now let us start to prove the properties of vertex operators. 



Proof of R-matrix symmetery 
Let us prove the equation : 

RlKfa - /3 2 )$i(/5i)$ 2 (/5 2 ) + RlKfc - &)$ 2 (A)$i(&) = $i(ft)$ 2 (/3i). (4-8) 

By using the commutation relations of basic operators, we can rearrange the operator 
part as 

U Q (p x )U ((3 2 )U x (a)$(a). (4.9) 
The equation (|4.8j ) follows from the integrand identity : 



- ei(/3i - f3 2 )e-^sk [~(fc- a + ni) ) + p(/3 x - (3 2 )e-^k I -(fa -a-m] 

= e'l^sk (\{(3 X - a + m) ) .(4.10) 



Let us prove the equation : 

R°l(f3 x - f3 2 )%({3 x )$ 2 ((3 2 ) + RlKfa - [3 2 )$ x ((3 x )$ x (f3 2 ) 

- fo)$2(J3l)$ (A) = &i(fc)$i{Pi). (4-11) 

By using the commutation relations of basic operators, we can rearrange the operator 
part as 

U ((3 x )U ((3 2 )U x (a x )U x (a 2 )$(a x )$(a 2 ). (4.12) 



sh ( -(a + 7rz) 
-—^ V (1-13) 



Let us set 



sh -(—a + 7ri N 

u 

Consider the integral of the form : 

/oo 
da 2 -F(ai, a^l^ai)^!^)^^)^^)- (4-14) 
-oo 

Due to the commutation relation of £/i(a) and the anti-commutation relation of ^(ct), 
the above integral equals to 

/oo 
da 2 H(a 2 — oci)F(ai, a 2 )Ui(ai)Ui(a 2 )'ip(ai)?p(a 2 ) 
-oo 

/oo 
daF(a — iri, a)Ui(a)Ui(a — ni), (4-15) 
-oo 

where we have used the relation: H(—m) = 0. Note that the part H{-Ki)Ui{a)Ui{a — m) 
is convergent. 

Observing this we define 'weak equality' in the following sense. We say that the function 
G\(ai, a 2 ) and G 2 (ai, 0:2) are equal in weak sense if 

Gi(ax, a 2 ) - i?(a 2 - ai)Gi(a 2 , «i) = G 2 (ati, a 2 ) - H(a 2 - a 1 )G 2 (a 2 , a{). (4.16) 
We write 

Gi(a 1: a 2 ) ~ G 2 (a 1} a 2 ). (4.17) 

Note that the equation 

Gi(a — iri, a) = G 2 (a — iri, a), (4-18) 

is a special case of weakly equality. In oreder to prove the equation (|4.11|) it is enough 
to prove the equality of the integrand part in weakly sense. The equation ( |4.1 1| ) follows 
from the following weakly sense identity. 

hi((3i - (3 2 )e~T s h Q(/^2 - on + m)\ sh Q(A? - «2 + 7rz) 



+o(/3i - f3 2 )(l + e e y s h ( ~(/3 2 - a x + iri) J sh \^-(a 2 - ft + iri) 



+h 2 ((3 1 - (3 2 )e « sh ( -(«i - A + 7ri)J sh \^( a 2 ~ Pi + tt( 



;i + e~-) 2 sh ( -(ft - ai + 7rz) 1 sh (^-(« 2 - ft + ttz) ) . ( 1.19) 
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As the same arguments as the above we obtain the commutation relation of the vertex 
operators (|2.17|) . 



5 Correlation functions 



In this section we derive a solution of the system of difference equations (|2.14|) and ( |2.15| ), 

algebraically, and obtain an integral representation of it. 

Let us introduce the Fock space TC b generated by \vac)b which satisfies 

b(t)\vac) b = 0, if t > 0. (5.1) 

Let us introduce the Fock space Ti^ generated by \vac)^ which satisfies 

ip{t)\vac)^ = 0, if t > 0. (5.2) 

Set the space TC by 

H = H b ®H^. (5.3) 
Let us introduce the degree operators D b and by 

D b b(-t)\vac) b = tb(-t)\vac) b , D^ip(-t)\vac)^ = tij;(-t)\vac)^, t > 0. (5.4) 
Set the degree operator D on Ti by 

D = D b ®id + id® D* . (5.5) 

We have 

e XD U 3 ([5)e- XD = Uj{/3 + iX), e XD ^{p)e~ XD = ${/3 + iX). (5.6) 

Therefore the vertex operators satisfy the homogeneity condition. 

e- XD ^{(3)e XD = $j(0 + i\). (5.7) 

Now let us consider the trace function for A > defined by 

tT H (e- XD ^M---^ hN (M) 



G 2 n(Pi, • • • , P2N)h-hN - tr (e- XD ) ' ^ 
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The trace of the bosonic parts is evaluated as followings. 



tr nb (e~ XDb b(t)b(t')) 

The product of the basic operator Uj((3), (j = 0, 1) is evaluated as 
tv nb (e-^U^U^)) 

1- — -sr L = Const, tp^fr - (3 2 ) 

ti nb (e ) 

x sh(^(A-/^ + 7ri))sh(^(A-^-7ri))shQ(A-/?2 + 7ri)^, (5.10) 
where we set the kernel function as 

= s 2 (ip-7r\^,\)s 2 (-ip-n\^,\y (5,11) 

The product of the basic operators Uq(0) and U\(a) is evaluated as 

tr w * (e-^UMU^a)) (l x 

^- —— L = Const. MP -a)sh(-(P-a- m) , (5.12) 

tT H b [ e ) V 1 ? / 

where we set the kernel function as 

= S 2 {ia + 7r|7r£, \)S 2 {-ia + n^, A) ' 
The trace of the fermionic parts is evaluated as followings. 

L («-"») L = -pr^m)Mf)U. (5-14) 

Let us set the auxiliary function J[a) by 

We then have 

tr w * (e-^?(ai)?(a 2 )) 

-7 7 _ XD ^ = J (ai - "2 + ni) + J (ay -a 2 - m). (5.16) 

tr-^v (e J 

The trace of the vertex operators is evaluated by applying the Wick's theorem. 
The one-point correlation functions are evaluated as follows. 
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G 2 (Pi, fa 2,0 = e e^—— . 1 ^ rr / da x / cfa 2 

5 2 (i(/52 - Pi) + ?r£ - ttK, A) 

x < | [ (f 2 (Pj - > <Pi(ai - a 2 )(J(ai - a 2 + 7ri) + J^i - a 2 - m)) 
[j,k=i J 



X 



x sh ( ^(ax - a 2 + tt«)^ s h ^( ai _ ^ + sn (j^^ 2 ~ <^ + ^ 



(5.17) 



G 2 (Pi,P 2 ) 2 , 



e « 



/9i 



g 2 (^ 2 -A) + 7rke,A) 
5 2 (i(/32-A)+^-7rKA) 7_ 



X 



X 



I [ f2(Pj - oc k ) > <fi(ai - a 2 )(J(ai - a 2 + ni) + J(a.\ - a 2 - iri)) 



j,k=i 



x sh I -(cti — a 2 + iri) I sh I — p 2 — iri) I sh I -(a 2 — p 2 — 7ri) I , 



(5.18) 



and 

G 2 {Pi,P2)i,i = e « VM - — - — — — / da! / da 2 

S 2 (i\P 2 — Pi) + 7I"£ — 7r|7T^, A) J-oo J-oo 

x < J { v? 2 (/3j - «fc) > V?i( a i - a 2 )(J(ai - "2 + tt«) + J(oti - a 2 - iri)) 

Vi,k=i ) 

x e^ ai+a2) sh (j(ai -a 2 + ttz)) sh Q(a 2 - a ± + ttz)) 

X Sh ^(^1 - «2 + 7™)^ _ - 7™)^ S h _ ^ + ^ 

(5.19) 
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Here we omit an irrelevant constant factor. 

By applying Wick's theorem we obtain the iV-point correlation functions. We consider 
the special components : 



jl, ■■■ ,3L = 2, jl+l, ■ ■ ■ ,JL+2M = 1, JL+2M+1, • • • ,32(L+M) = 0. (5.20) 

By using the i?-matrix symmetry fl2.14| ) we obtain every components from this compo- 
nent. The iV-point function is evaluated as following. 

G2(L+M)(Pl ■ ■ ■ Pl\Pl+1, ■ 4 4 , Pl+2m\Pl+2M+1 ' 4 4 02(L+M))2,- ,2,1,- ,1,0,- ,0 

= E({/3}) I da Pf({a}) I x ({a}) l c ({a}|{0}). (5.21) 



OO 



where the integral j da represents 

/•CO 

daiL+i'-' I da 2 ( L +M) I da' L+2M+1 ■ ■ ■ / da' 2(L+M) . (5.22) 
Here we have set 



2(L+M) / ««L+2M+l'"/ aa 2(L+M)- 

CO J —OO J —OO J —OO 



E({/3}) = e ~I^ L + 1 + ''' + ^ L + 2M ^ e 'i^L+2M+l + ---+( 3 2(L+M)) 

TT S 2 (i(0 k - 0j) + 7r\7rS, \) 

11 5 2 (z(/3 fc -A-)+7re-7r|7re,A)' { } 

l<j<k<2(L+M) ZK yyK yV S 

The integral kernel is given by 

*(wi{/3})= n vi(«j-«fc) n viK-^) 

i+l<i<fc<2(i+M) L+2M+l<j<fc<2(L+M) 
2(L+M) 2(L+M) 2(L+M) 2(L+M) 2(L+Af) 2(L+M) 

x n n ^K--^) n n n n m-o- 

j=L+l k=L+2M+l j=l k=L+l j=l k=L+2M+l 

(5.24) 

The Pf({a}) represents a Pfaffian of 2(L + M) x 2(L + M) anti-symmmetry matrix 
whose entries are given by J [a — a' + 7rz) + — a' — 7rz). 
The integrand functions are given by 

2(L+M) 2(L+M) 

h({a})= II sh ~ a k~ m )) 

j=L+l k=L+l 
2(L+M) 2(L+M) 

x n n sh (j( a i - a k - ^)) sh (j( a j - ^ + m )) ( 5 - 25 ) 

jr'=L+l k=L+2M+l 
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and 



I^({a}\{(3}) = e ^ aL + 1+ '" a2 ( L + M ) +a i+2M+i+--+ a 2(L+M)) 

\ L+2M 2(L+M) . . 

x II sh - a k + ni)) Yl II sh [t( a j - a 'k + Ki)J 

L+l<j<k<2(L+M) ^ ' j=L+lk=L+2M+l ^ ' 

2(L+M) 

X 



n sh ( ^ - - s s n c? - /c ) 7ri ) j ( 5 - 26 ) 

L ( 2(L+M) 2(L+M) 

j=l |^ fc=L+l ' fc=L+2M+l ^ ' 

L+2M ( 2{L+M) . . 2(L+M) , . 

II { II sh(-(/3,-a fe -«) J] shl-^-a'.-ni)) 

j=L+l [k=L+2M+l ^ ' k=L+2M+l ^ ' 

L+2M ✓ v 

x II sh [7(Pj- a k + s mU -k)ni)j 

j,k=L+l ^ ' 



X 

..' 

X 

3 

L+2M 



j,k=L+l 

2(L+M) 



x f[ jshQ^-afc + sgnO'-^TT^^shQ^-^ + sgnO'-^Tri)^! 

(5.27) 

Here we omit an irrelevant constant factor. 

Next we consider the special case A = 2ir, in which the trace function will become 
the correlation functions of our original solvable lattice problem. Note that the special 
case A = 2n the kernel functions simplify. 

J(a + m) + J(a - m) = 5 (a - m), (5.28) 

and 

tv nb (e-^U^U^)) ch Q(A - fth 

H = Const.— pi \. (5.29) 

tlnb{e } shQ(A-^2--)) 

We have seen that the kernel function of trace formulae gets simplified when specialized 
at A = 2n. Here we summarize the simplified formulae for the one-point correlation 
functions at A = 2n. In this simplified formulae the number of the contour integrals 
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reduces to one. This is due to a property of the fermion two-points function which 
becomes the delta function. 
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ch(-(A-/3 2 ; 



Sh( -(A-ft-TTi) 



da- 



la 



ECU sh (ft -a) U 



r2 i fQ ; sh ( I^- a - vrz)j sh (\{P\ ~ « ~ 27 ™)J • (5-30) 



G 2 (/?i, #2)0,2 = e « 



/9i 



ch -(a-/? 2 ; 



sh ( -/3 2 - 7nf 



da- 



el' 



ECU sh (ft -a) U 



r2 t /a N -sh ( ^(/3 2 - a)J sh Q(/3 2 - a + 7rf 



(5.31) 



G 2 (/3i,/32)i,i = e-? 



I031+/32) 



chi i^i-^; 



sh -(ft -ft - iri] 



"OO 

x / da 

-00 



,-,2 , , — -sh Q(ft-a!-7ri)) sh ( ^(ft-a 
\[ k=1 sh (ft - a) V4 / V4 



(5.32) 



Here we omit an irrelevant constant factor. The i?-matrix symmetry ( |2.14j ) of the above 
integral representations can be reduced to the special case of the identity ( |4.19| ): a\ = 
a + iri, a 2 = a. The cyclicity condition ( 2.15Q can be checked by straightforward 
calculation. We have seen that the formulae of the one-point functions get simplified 
when we set A = 2n. This feature holds for the iV-point correlation functions, too. The 
number of the contour integrals reduces to only N. 
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A Multi Gamma functions 

Here we summarize the multiple gamma and the multiple sine functions, following 
N.Kurokawa 0. 

Let us set the functions ri(x|u;) and r 2 (x|c<Ji, u 2 ) by 




(A.l) 



(A.2) 



where the functions Bjj(x) are the multiple Bernoulli polynomials defined by 




(A.3) 



more explicitly 



B n (x\u) 



X 



1 



(A.4) 



CO 



2 




(A.5) 



Here 7 is Euler's constant, 7 = lim n ^ c 
Here the contor of integral is given by 



00 



(l + | + | + --- + i-logn). 




Contour C 
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Let us set 

Si(x\u) 
S 2 (x\u 1 ,u) 2 ) 

We have 



Ti(uj — x\u)ri(x\u) ' 
T 2 (cji + uj 2 - x\ui,u 2 ) 

r 2 (x\u 1 ,u 2 ) 



T 1 (x\uj) = eCS-D^ E^M , S-^xlw) = 2sin(7nr/cu), 

V27T 



r 2 (x + uj 1 \uj 1 ,uj 2 ) 1 S , 2 (a: + uji\uji, uo 2 ) 1 Ti(a; + cj|cj) 



r 2 (x|o;i, u 2 ) Y 1 {x\u 2 )'' S 2 (x\u 1 , u 2 ) Si(x\uj 2 )'' T 1 (x 



f sh(x — UJl+u ' 2 )t dt 
logS^xM = j c 2sh ^ sh 2 ^ M-O^, (0 < ^ < a* + u*). 



2tt 

S 2 {x\uj\uj 2 ) = —=x + 0(:r 2 ), (x — > 0). 



7TX 71X 

S 2 {x\ujiuj 2 )S 2 {— x\ujiuj 2 ) = — 4sin — sin — . 

iO\ u 2 
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